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Abstract 
A detailed understanding of blasting induced rock damage and fragmentation process is important to blasting design and 
parameter optimization. Due to the complexity of rock property and damage evolution, it is useful to deal with such problems 
through statistical methods. In this study, according to the critical fracture characteristic and the relationship between crack 
density and damage variable, a damage evolution equation under statistical damage mechanics network is suggested by 
considering the effect of loading rate and initial damage in rock. Based on percolation theory and renormalization group method, 
critical property of rock damage is analyzed. In order to give a quantitative description for the distribution of fragments, a fractal 
analysis of damage accumulation is made, and a fractal prediction method of fragmentation resulting from rock blasting is 
presented. 
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1. Introduction 
According to the viewpoint of damage mechanics, blast-induced fragmentation of rocks is a final result of damage 
evolution which contains a gradual process including microcrack emerging, growing, collecting and 
interpenetrating. To theoretical foundation of damage models for rock blasting and parameter optimization, it is 
therefore important to understand the evolutionary process during blasting. 
In recent years, within the framework of continuum damage mechanics, much effort (Grady and Kipp [1], Tayler 
[2], Kuszmaul [3], Throne [4], and many others) has been focused on trying to reveal the evolution of blasting 
induced rock damage and the mechanism of rock fragmentation. However, much work has to be done yet due to the 
complexity of rock property and damage evolution. In this paper, based on the critical characteristic exhibiting 
during rock damage and fracture, blast-induced damage evolution is investigated using percolation theory and 
renormalization group method. By assuming a random distribution of breaking strains in rock elements, the 
equivalence property between crack density and fracture probability is obtained. According to the relationship 
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 between crack density and damage variable, an evolution equation which can be used to describe the evolutionary 
process during blasting is presented. Furthermore, a fractal analysis of damage accumulation is made and a fractal 
prediction method for the distribution of fragments is suggested. 
2. Critical fracture probability 
More and more investigations indicate that the fracture of disorder materials often behave as a critical 
phenomenon. Rock is a kind of disorder material and its fracture and fragmentation have typical critical 
characteristic which is the image of percolation both in intuition and in physical mechanism, so rock damage and 
fracture can be treated as a percolation problem. 
2.1. Percolation theory 
Percolation theory was presented by Boardbent and Hammersley [5] in 1957, which is primarily applied in 
describing the stochastic flow of liquid in disorder materials and now appears in such fields as petroleum 
engineering, hydrology, fractal mathematics, and the physics of magnetic induction and phase transitions. It is 
considered to be one of the best methods to deal with disorder systems and stochastic geometry. 
Percolation phase transition is a second-order phase transition. Percolation probability ρ(p) is an important 
physical quantity in transition process which denotes the probability that an occupied site belongs to the spanning 
cluster when the occupied probability of sites in a lattice is p. According to universality, the increase of ρ(p) with 
increasing p is defined by the relation 
 
( ) cp p p
βρ −                                                                                                                         (1) 
 
where β is a critical exponent. 
Another important physical quantity in transition process is connectedness length ξ which denotes the 
characteristic linear dimension of spanning (percolation) cluster. Near a threshold pc, it can be characterized by a 
simple power law 
 
cp p
νξ −−                                                                                                                            (2) 
 
where ν is another critical exponent which relates to spatial dimension. 
Furthermore, at p=pc, the fractal dimension of percolation clusters D is not an independent exponent, but satisfies 
the scaling law 
 
/D d β ν= −                                                                                                                           (3) 
 
where d is the spatial dimension of the lattice. 
2.2. Critical fracture probability 
Evolution of blasting induced rock damage is a gradual process which includes microcrack emergence, growth, 
collection and interpenetration. But in the meantime, there is an evident catastrophe in this process, and this 
catastrophe can be analyzed from critical fracture probability. 
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Fig. 1. Three-dimensional percolation model of rock fracture 
 
A lot of experimental results have shown that the fracture of rocks is three-dimensional, so three-dimensional 
percolation model is employed to investigate the fracture process of rocks. As shown in Fig. 1, rock is abstracted to 
be a cubic lattice, in which each one level cell is composed of eight basic cells and each second level cell is 
composed of eight first cells, the rest may be deduced by analogy. 
Considering possible stress transfer from fracture cells to intact cells, it is assumed that the (n+1) level cells shall 
fracture if the number of fractured cells of n level greater than or equal four. Therefore, the renormalization equation 
is 
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where p(n+1) and p(n) denotes the fracture probability of (n+1) and n level cells. 
From Equation (4), the calculated fracture threshold is pc=0.3955 and the renormalized result is shown in Fig. 2. 
As can be seen that
 
the renormalized result is to be zero when p<pc, and when p>pc, the renormalized result is to be 
1. These results indicate that complete fracture and fragmentation of rock can not happen but when p>0.3955. 
 
Fig. 2. The process diagram of shine upon p(n+1) vs p(n) 
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Near p=pc, the renormalization Equation (4) can be expanded in a Taylor series about pc as the first order in (p-pc) 
 
( ) ( ) ( )c c cp p R p R p p pλ− = − ≈ −                                                                                                  (5) 
 
where 
 
 d / d
cp p
R pλ
=
=                                                                                                                                      (6) 
 
Therefore, the critical exponents, β andν, in Equation (1) and (2) can be obtained from the following equations 
 
ln[ ( ) / ( )]
ln
c
p pρ ρβ λ=                                                                                                                           (7) 
 
log logbν λ=                                                                                                                                      (8) 
 
where b is a renormalization factor. For b=2, we have λ=2.313, β=0.67 and ν=0.827. 
3. Damage evolution equation 
For the model shown in Fig. 1, we assume that the breaking strain ijTθ  of each cell distributes randomly and all 
cells with ij ijcθ θ≥  ( ijcθ  is critical breaking strain) will fracture when blasting loads is applied. Under a constant 
strain rate ( 0/d dtθ θ= & ), the number of fractured cells in a unit time interval ∆t is then expressed as 
 
( ) ( )
c c
n Np Np t tθ θ′ ′∆ = ∆ = ∆                                                                                                           (9) 
 
where ( )p t′  and ( )cp θ′  are the probability densities relating to time and strain respectively, N is the number of 
total cells and ∆n is the new cells fractured in a unit time interval. 
  From Equation (9), we have 
 
( ) ( ) /
c c
p t p tθ θ′ ′= ∆ ∆                                                                                                                        (10) 
 
For randomly distributed breaking strain, ( )cp θ′  is a constant and can be expressed as ( )cp cθ′ = . The 
cumulative probability of failure of a cell at time t, in normalized unit, is then 
 
00
( )tp c p t dt c t cθ θ′= = =∫ &                                                                                                                (11) 
 
In this way, the fracture probability p0 at the time t=t0 and pc at critical point of time t=tc can be written as 
 
0 0 0 0p c t cθ θ= =&                                                                                                                                   (12) 
0c c cp c t cθ θ= =&                                                                                                                                  (13) 
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On the other hand, from the normalization criterion 
max
0
( ) 1T p t dpθ ′ =∫ , we have max1/ cc θ= . The value of maxcθ  
can be obtained from its relation to breaking stress maxcσ  
 
max
max (1 2 )
(1 )
c
c
cE
σ µθ
ω
−
=
−
                                                                                                                        (14) 
 
where θ0 can be defined as [6] 
 
0 (1 2 ) /cS Eθ µ= −                                                                                                                           (15) 
 
where µ is the Passion coefficient, E is the elastic modulus and Sc is the uniaxial compressive strength of rock. 
In order to relate fracture probability to rock damage, crack density is defined to be the ratio of rock volume 
affected by cracks to the total rock volume. If crack density is in direct proportion to the number of fractured cells, 
then crack density can be expressed as 
 
nv
s p
Nv
= =                                                                                                                                         (16) 
 
where s denotes crack density, v is the volume of a single cell, n is the total number of fractured cells. 
Combining Equation (11), (12) and (16) gives the following relationship 
 
0( )s c θ θ∆ = −                                                                                                                                    (17) 
 
where ∆s is the variation of crack density. 
When initial cracks in rock are considered, the increase of crack density is expressed as 
 
0 0( )s s c θ θ= + −                                                                                                                              (18) 
 
The critical crack density can be written as 
 
0 0( )c cs s c θ θ= + −                                                                                                                            (19) 
 
Due to the relationships=p, from Equation (4) we have sc=pc=0.3955. 
According to the investigation by Yang and et al [7], the relation between damage ω and crack density s is 
 
21 exp( )sω = − −                                                                                                                               (20) 
 
Therefore, blast-induced damage evolution can be described by Equation (18) and (20). When critical crack 
density is sc=0.3955, the critical damage calculated from Equation (20) is ωc=0.145. Similarly, when crack density 
reach its maximum value smax=1, the maximal damage is ωmax=0.632. 
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4. Fractal prediction method of fragmentation 
Fracture process of rock possesses power characteristics not only in time aggregation and spatial distribution but 
also in statistical law of fragments. These characteristics may result in fractal fractures and fractal fragmentations. 
According to the findings by Xie [8], the relation between rock damage and mass fractal dimension of rock is 
 
( )mvD                                                                                                                                            (21) 
 
where m is a material constant, Dv is the mass fractal dimension of rock. 
The universal form of Equation can be expressed as 
 
1 2 ( )mvM M Dω = +                                                                                                                           (22) 
 
where M1 and M2 are constants. From investigation, we consider that M1 is actual the negative of initial mass fractal 
dimension of rock (expressed by 0vD ). Then, Equation (22) can be rewritten as 
 
0 2 ( )mv vD M Dω = − +                                                                                                                       (23) 
 
Furthermore, by take advantage of critical condition, M2 can be obtained from Equation (23) 
 
0
2 ( )
c v
m
vc
DM
D
ω +
=                                                                                                                                  (24) 
 
where vcD  is the critical mass fractal dimension of rock, by substituting β=0.67 and ν=0.827 into Equation (3), we 
have Dvc=2.19. 
Thus, when blasting finish, the maximal mass fractal dimension of rock is 
 
1/max 0
max ( ) mvv
v
DD
D
ω +
=                                                                                                                   (25) 
 
Using the relationship between mass and fragmentation fractal dimension of rock [9], we have 
 
max log / logf v cD D p b= +                                                                                                             (26) 
 
Accordingly, based on Equation (26), the distribution of fragments can be predicted. 
5. Conclusions 
In this paper, the critical characteristic of blast-induced rock fracture is investigated on basis of percolation theory 
and renormalization group method. According to the critical fracture characteristic and the relationship between 
crack density and damage variable, a damage evolution equation under statistical damage mechanics network is 
suggested by considering the effect of loading rate and initial damage in rock. Additionally, by considering the 
fractal property in damage evolution, a fractal prediction method of fragmentation resulting from rock blasting is 
presented on the basis of relationship between damage variable and fractal dimension. Further investigation shall be 
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 done to validate the results through experiments. 
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